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Abstract 

In this paper, we study a random payoff with positive or 
plus infinite expectation and determine the optimal 
proportion of investment for maximizing the limit 
expectation of growth rate per attempt. With this objective, 
we introduce a new pricing method in which the price is 
different from that obtained by the Black-Scholes formula for 
a European option. We will price the St. Petersburg game 
nicely. 
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Introduction 

The portfolio pricing equation (Luenberger 1998) is 
useful for determining prices of securities only if the 
optimal portfolio has been already known. In this 
paper, we determine both the price and optimal 
proportion of investment for a random payoff. 

The determination of the utility function is more 
experimental than mathematical. With an additional 
reason that J=exp(logX) frequently provides 
E[X] * exp(£[logX]), the log utility approach 
(Luenberger 1998) is not preferable. 

The investor should repeatedly invest a fixed 
proportion of his or her own current capital without 
borrowing. As a rule, if the investor invests 1 dollar, 
then he or she receives a(x) dollars (including the 
invested 1 dollar) with a cumulative distribution 
function F(x) defined on an interval / . For simplicity, 
we omit the currency notation. Let M > be the 
investor's capital, u > the price of the random payoff 
(a(x), F(x)) , and < t < 1 the proportion of 
investment. Then, after one attempt, he or she has 
capital of Mta(x) I u + M(l-t) if x occurs. It should be 
noted that the reserved part M (1 - 1) does not include 
the interest, which is the custom, for example, in 



foreign exchange accounts. 

Let M n > be the capital after n attempts. In general, 
growth rate implies M n+1 1 M n - 1 or log(M jl+1 / M n ) 
after one attempt. However, for the purposes of 
succinctness in this paper M n+1 / M n is used to define 
the growth rate. In this context, the growth rate per 
attempt is defined as [M n I M )" . 

.i 

Without dealing with [M n IM a y directly, this paper 
defines a double sequence of random variables [X N n } 
with respect to the bounded step functions [f N (x)} 
such that lim N ^ w f N (x) = a(x) . It is shown that the 
finite limit lim M+x E[X Nn ] exists if, and only if, the 

iV-»+oo 

random payoff is effective. In this case, the equalities 
\im n ^ w E[X N J =G,(0 :=exp(f \og{a{x)t I u-t + \)dF(x)) 

= exp(£[log(a(x)f/ M -f + l)]) and lim )M+oo V[X N „] = 

are obtained. These equalities again support the well- 
known assertion that although in principle an investor 
may choose any utility function, a repetitive situation 
tends to hammer the utility into one that is close to the 
logarithm (Kelly 1956, Luenberger 1998). 

We study the optimal proportion of investment t u , for 
the price u > in order to maximize the limit 
expectation of growth rate per attempt. In order to 
determine the price of the random payoff, we require a 
risk-free interest rate, r > 0, for a particular period. 
The equation G u (t u ) = r + 1 (if r is simple) or 
G u (t u ) = e r (if r is continuously compounded) is used 
to determine the price of a random payoff. If a(x) > 
for each x e /, then the existence and uniqueness of 
the price are guaranteed by the fact that G u (t u ) is 
continuous and strictly decreases from +co to 1 with 
respect to < u < E := j^a(x)dF(x) (Theorem 4.1). In 

this context, the price of the St. Petersburg game 
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(Bernoulli 1954) is determined to be 5.0815 if the risk- 
free interest rate is 4% (Example 6.4). On the other 
hand, the Black-Scholes formula is deduced from the 
equation E I u = e , where E is the expectation of a 
European option (Example 6.6). 

Any random variable X : (Q, P) -> R reduces a 
random payoff (x, F(x)) , where F(x) :=P({a>eQ. | 
X( m )<x}). 

Optimal Proportion of Investment 

Assume that the payoff function a(x) is measurable 
with the distribution function F(x) defined on an 
interval / c (-co , +co) . Set £ := inf xeI a(x) . We also 
assume that £ > -co and £ is the essential infimum of 
a(x) , that is, f dF(x) > for each s > . Further, 

Ja(x)<£+i: 

assume that a(x) is not a constant function (a.e.), that 
is, f dF(x) < 1 for some 8 > 0. 

Ja(x)<^+S 

We use the following notation with the Lebesgue- 
Stieltjes integral. 

E := f a(x)dF(x), H := f — dF(x), 
Jl J/ a(x) 

H c :=\ dF(x). (1) 

In this paper, we assume that E > . If f dF(x) > , 

Sa(x)=4 

we define = +oo and 1 / H ( =0. 

Since a(x) is not constant, we have £ < E , H^>0, and 
1 / //^ < +oo . From the relation 



f Ja(x)-£x 1 =dF(x) 



< f (flW-^VF(x)xf —L-dF{x) = {E-^H ( , 
J1 J! a(x)-g 

we have £ + 1/ H ( <E . In particular, if £ = 0, 
0<l/#<£. If £>0, then using l/£>l/a(x) and 
1 = 7«W x (1 / \ja(x)) , we have £, < l / H < E. 

For price U > , let f u e [0, 1] be the optimal 
proportion of investment. The precise definition of the 
term "optimal" and its significance are shown beneath 
Lemma 5.1. Here, we present certain properties of t u 
in order to explain the approximate outline of the 
paper. 

(a) If u > E, t u =0. 

Assume that u > E and t e (0 , 1] , then the expectation 



of payoffs, 

Mtj i a(x)/u dF(x) + M(l-t) = M -M(\-Elu)t, 

is less than M . More precisely, using Jensen's 
inequality, we have G u (t) < 1 - (1 - E I u)t < 1 = G u (0) for 
each /e(0, 1] . Therefore, t u = . 



In the proof of Theorem 5.1, we will show that: 
\[E,+co), if E < +co, 
<f>, if E = +co. 
(b) If £ > and < u < £, then t u = 1 . 



[u\t u =0] 



(2) 



From 0<u<%<a(x) and t e[0 , 1) , after one attempt, 
we have Mta(x)lu + M(\-t) = Ma(x)lu 

-M(\-t)(a(x) I u-Y) <Ma(x)lu for each xel. This 
implies that G u (t) < G u (1) for each t e [0 , 1), that is, 

Accordingly, in the proof of Theorem 5.1, we will also 
show that 

{(0,1/ H], if £>0,or£ = 0and#<+oo, 
{m 1 1 = 1} = < (3) 
0, if £ < 0, or £ = and # = +co, 

which yields a maximum price of \l H at which all 
the capital should be repeatedly invested. 

(c) If max(0,£)<w, t u <u I (u-%) . 

If t>ul ' (u-%), u-^-ul t>0 . Therefore, the negative 
result Mta(x)lu +M(l-f)<0 occurs with a positive 
probability f dF(x) > 0. This contradicts 

the concept of continual investment without 
borrowing. 

In the proof of Theorem 5.1, the condition for 
t u =u I (u-%) is shown such that: 

u . {(0,^ + 1/ H,], if £<0and£ + l/fl f >0, ^ 

\u\t = } = <^ 5 h (4) 

1 1 " u — ^ \ & if £>0or£ + l///, <0. 

(d) Theorem 5.1 also shows that t u <£ {0, 1, u I (u - £)} if 
and only if 1 / H <u<E (if £ > ) or max(0 , 
£ + 1/ H ( )<u<E (if £<0). In this case, f B can be 
uniquely determined by the property: 

a(x)-u 



fl(x)? -Mf +M 



rfF(jc) = 0. (5) 



Here, we offer 5 graphics to facilitate reader's 
understanding. Recall the definitions: 

£ := inf XE , a(x), E:=^a(x)dF(x\ H := ^-J^dF(x), and 

#i -=l^RdF(x). 
Casel: «^>0. 
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< f s §+1/H f < 1/H < E 



M := exp(J log a(x)dF(x)) and 
G u (t ) := exp(| ; log(a(»; / w - f + l)rfF(^)). 

Case 2: £ = and // = +oo. 

ip Case 2 

growth rate 




S = = 1 /H < E 



£ := f dF(x). 

Ja(x)>0 

Case 3: £ = and // < +oo. 




£ = < 1 /H < E 

Case 4: £ < and £ + 1 / ff, > 0. 



Case 4 



[(0, -MW? ) 




S <0 < f+1/H, < E 




if <0 < E 

77 := lirn^ (f f a / m and M q := exp(£ log(a(x)?7 + l)dF(x)). 
Pre-Optimal Proportion 

We denote the integral j (a(x)-fi)/(a(x)z-zfi+fi)dF{x) 
by Wg(z), in which z and p are complex variables. 

Lemma 3.1. TTze function w„{z) is holomorphic with 
respect to two complex variables z := t + « and p :=u + hi 
such that, 

(a) max(£ , i;) <u <L< +00, 

(b) |/z|<£ 6 /(32(L + l)fl 2 ), 

(c) |z|<J? and z£{|s|<£}n{ t<sor t>ul {u-%)-s}, 
where < e < min(l 12, ul (2(u - £))) , max(2 , a / (u 
-£)) < < +00 , i := 4—1, Im(z) = 5 and Im(/?) = /z . 

Proof. We obtain certain operator exchange properties 
such as 
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d 



-w, 



■(z) = J- 



d I a(x) — f5 



dF{x) 



dt p J ' dt\a{x)z- z/5 + p / 
by proving that the related integrands are bounded. 
Because (a(x) -/?)/ (a(x)z -zP + P) satisfies the 
Cauchy-Riemann equations, w p (z) is shown to be 
holomorphic due to Hartogs's theorem. 

It should be noted that the condition (a) above leads to 
p * , and if a{x) p, then we have 
a(x)-p 1 
a(x)z-zP + P z-— b 

The partial derivatives of (a(x)- ft) I (a(x)z -zP + P) 

with respect to t , s , u , and h are 0,0,-1 and -i , 
respectively, at {x \ a(x) = p\ . In the following four 
cases, we assume that a(x) * p. 

In this proof, we will frequently use the inequality 

|l/(l-z)|<|2/z| if | Z |> 2 . 

<Casel> \a(x)\>8(L + l)/£. 

As a result of the conditions, we have 
\a{x)lu\>\a{x)l L\>\a{x)l{L+\)\ >&/e >16, which 

leads to |l/(l-a(jc)/w)| < |2/(a(jc)/w))| < |2(L+l)/a(jc)| 

< s 1 4 . On the other hand, the inequality 
|a(x)//?|>|^|>8/ff>16 leads to \V (l-a(x) / 0)\ 

< |2 / (a(x) I fi)\ < |2(L + 1) / a(x)\ <slA, where \p\ < u + \h\ 
<L + l. 

Moreover, from £;<a(x) we have \-a(x)lu < (u-^)lu. 
If l-a(x)/u>0 then u I (m-£) < 1/ (l-a(x)/u) , which 
leads to \z-\l (\-a(x) I u))\> s due to (c). If 
l-a(x) I u <0 then 1/ (l-a(x)/ u) < , which leads to 
\z-\l (\-a(x)l u))\> s due to (c). If \-a(x)lu = then 
L > u =| a{x) |> 8(L + 1) / s , which is a contradiction. 
Therefore, we have 



1 



1 



a{x) 



1 



1 1 

- + - 



1 



g(-i) J _ n(-r) 



1 



1 2 

which establishes <— . 

7 ! — £ 

/> 

Moreover, using / (1 - / /?)| < |2/?| 

|l/(l-a(x)//?)|<f /4,and l/\p\ <\ls , we have 



/? 2 U 



2 



<Case2> | a{x) \< 8(L + l)/e and |a(;c)//?-l| <slR. 
Since |(a(x)//?-l)z| < £• , we have 



\a(x)z I P~z + \\>\-s . Therefore, 

<— ^< — 
1-f # 



a(jr) 



z-z + l 



Moreover, using 1 / \fi\ < 1 / s and 1 / (1 - s) < 2, we have 



a(x) 



a(x) 



P 2 (fz-z + l) 



32(L + 1) 



<Case 3> | a{x) \< S(L + l)/e, \a(x) I ft -\\> e I R, and 
|a(jc)/w-l| >s/(2R). 

From l/|/?|<l/f, l/u<l/£ , and condition (b) 
mentioned above, we have 



1 



1 



a{x)hi 



B>?(1 _«£>)(!_«£>) 



< — . 
2 



Therefore, as a(x)/m^1 and |z-l/(l-a(x)/w)| >£, we 
obtain 



1 2 

< — . 

£ 



Moreover, this implies that 



a(x) 



32(L + l)R 2 



<Case 4> |a(jc)|<8(L + l)/s, \a(x)l > s I R, and 
\a(x)lu-\\<sl(2R). 



This case is void as shown below: 



2R 



a(x) 



-1 



a(x) 



-1 



a(*) a(x) 



\ha(x)\ s 3 
< 



\fiu\ 4R Z 



which leads to the contradiction 4 < 2R < s 2 < 1 / 4. 

From the inequalities mentioned above, the four 
integrands on the right-hand side of the following 
equalities are bounded. Therefore, the Cauchy- 
Riemann equations for w p {z) hold: 



8_ 
dt 



-w. 



,U) = J, 



-1 



dF(x), 



(6) 
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8s 

d_ 
du 



i 5 
- — -dF(x) = i—w B (z), 



z- 



i 



..■in 



■w, 



-a(x) 



dt 



■dF(x\ 



8h 



j a(x)i dF(x) = i S D 



Moreover, the integrand of w p {z) is bounded, which 
insures that wAz) is continuous with respect to p 
and z , respectively. Thus, w„ (z) is holomorphic with 
respect to (z, j8). Henceforth, in this Section, we 
assume that max(0 , £)<u< E and < t <u/(u-%). It 
should be noted that 

a(x)t -ut + u>%t-ut + u = (u- %)(u I (« - 1) - > for 
each x e /. 

Specially, when F{x) is a finite step function, we can 
write X = {(a j , p )! .. .. with £ = o, = min.a., Pl >0, 

E = T n M a jPj >0 > 11 T P " > H ? =+co, 
w u {t) = X" = i ( a j ~ u )Pj /(djt-ut + u), and so on. 
Lemma 3.2. w u (f ) is strictly decreasing with respect to t . 
Proof. According to Lemma 3.1, we have 



d ,. N r ( a(x) — u 



;".(') = -[ 



dF(x) < 0. 



□ 



dt Jl \^a(x)t - ut + u 

Lemma 3.3. lim , w (t) = E/u-1. 

Proof. Since (a(x) - u) I (a(x)t - ut + u) is decreasing 

with respect to t , using Lebesgue (monotone 

convergence) theorem, we obtain 

a(x)-u r a(x)-u 

>'„w; = uiii| — dF(x)=\ 

/-»0 + 



lim w(t) = lim f a{X> - dF(x) = f - dF(x) 

t->0 + <->0 + J' n(r\t — ut + u 31 U 



'-> 0+ 1 a{x)t-ut- 

^-1. 



Lemma 3.4. lim , c w(t) = {\-£lu)HM + \IH,-u). 

Proof. Using the same principle as above, we obtain 

lim w (t) = — - dF(x) 

(->(«/(«-#»- « J ' a(x)-% 



(l-(u-4)H £ ) = (l-4/u)H,(4 + l/H,-u). 



If | = and ff = +«), then lim w„ (f ) = 1 



-m Jl/ a(x)dF(x 



= -oo. □ 
From the above lemmas, if max(0, £ + 1 / H £ )<u<E , 



then lim + w, (0 > and lim 



t-HuHu-&y 



w u (t)<0 . Thus, 



the equation w u (t) = has the only solution ~ tu e (0 , 
m /(«-£)), and we refer to it as pre-optimal proportion. 
Note that, due to Lemma 3.1 and the inverse mapping 
theorem, ~ tu is analytic with respect to u . 

Lemma 3.5. If £ > 0, % + \IH £ <\IH. 

Proof. If H £ =+co, the assertion H <\l % is obvious. 
Since w u (t) is strictly decreasing and 1 < u I (u - , 
w u (1) > lim w (f ) , that is, 

f fl(x) ~" dF(x) = \-Hu>(\-%lu)HA% + \IH £ -u) 
J > a(x)-u + u 

for each % <u<E. If \l H <% + \l H ( , then selecting 
u = ^ + 1/ H £ < E leads to the contradiction that 

0>l-#W>(l-£/w)# f (£ + l/# f -w)=0. □ 

Lemma 3.6. If ^ >0, then ~ tu is strictly decreasing with 
respect to u + \ I H £ , E). 

Proof. From Lemma 3.1, ~ tu is analytic. Using 



( 



du 



a{x) — u 



a(x) + (a(x)-u) 2 ^ 
(a(x)~ tu -u~ tu + u) 



a(x)~ tu -u~ tu + u 
dw u QJ I du = 0, and a(x) > S, > , we obtain 

dZ -f ^^dF{x) 

d tu h {a(x), u -u u +uf v 7 



du 

2~ ' 



J/ («(*)»„ -«»„+«) 



<0. 



Lemma 3.7. lim 



f =0. 



Proof. < Case 1 > . Assume that E = +oo . From 
lim a ^ +oo w / (u - E) = 1 , for any < s < 1 / 3 , there exists 
such that \-e < u I (u -£) < l + s for each u>N. 
This implies that 



a(x)-u 



a(x)t-ut + u 



0, 



if a(x) = u, 



< i — - — r < — , if a(x) < u, 



— Vt \t--^j\ s 

u-a(x) u-g 

1 1 1 

. _< _ < _ 



\t + -A—\ 1 £ 

a(x)-u\ 



if a(x) > u, 



for s < t < 1 - 2s, u> N. Therefore, by Lebesgue 
(dominated-convergence) theorem, we obtain 

lim w (f) = f — dF{x) = — < 0. 
«^+» " J' r-1 1-f 

In particular, lim n ^ +oo vv a (e) = -1 / (1- s) < . Therefore, 
there exists M>0 such that w u {s) < -1/(2(1 -£■)) for 
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each u> M . On the basis of the fact that w u (f ) is 
strictly decreasing with respect to t , we have 
Q<~l u <e for each u >M. This implies that 



lim.. 



= 0. 



<Case 2> Assume that £<+co. By Lemma 3.1, the 
analytic function w E (t) is well defined with respect to 
t e (0, E I (E- %)) . Even when u = E < +oo, Lemmas 
3.2 and 3.3 are valid. So, w E (t) is strictly decreasing 
and lim w E (f ) = 0. Therefore, we have w E (t) < . 

If 0<e<E/(2(E -£)) and (E +max(0,|))/ 2 < u < E , 
then due to < £ <u I (u— w u (s) is well defined. 
By Lemma 3.1 we have lim w u {s) =w E (s)<0 . 
Therefore, there exists 8 > such that w u (s) < for 
each u e (E -S,E) . This implies that < J u < e and 



lim 



. = 0. 



Lemma 3.8. If £ >0, ~ tyH = 1 . 

Proof. If £ > , then by Lemma 3.5 we have 
% + \IH ( <\IH<E and 1<k/(w-£) . Therefore, 
w a (f ) and f u are analytic near (u, t) = (1 / H , 1) . The 
conclusion follows from the equality 

«(■*)- jf 



w, 



0)-J, 



a(x) ■ 



H H 



dF(x) = 0. 



Lemma 3.9. 7/ 4? > 0, Inn^,^ ?„ = l + £/f,. 

Proof. Due to Lemma 3.6, lim , + 7 exists, and 

we denote it by 7 . It is clear that y > 1 . According to 
the inequality j B <u/(u- £) , we have 7 < 1 + £.H, . 

Assume < +00 and y < 1 + , then, for any 
< s < min((l + £H f -y)l3,yl2) , there exists <5 > 
such that 



?«-r <« and 



(i+^.) 



< £ 



= lim f — 

u->(f+l///,) + J/ j - 



-JF(jc) = | / 



-dF(x). 



This is a contradiction because the term on the right is 
positive, which is deduced from the fact that the 
function 



f— L- 

h t — h 



-dF(x) 



is strictly decreasing from E I (g~ + 1 / H ^ ) - 1 > to 
with respect to fe(0, 1 + g~H ( ) . 

Assume = +00 and y < +co . Then, we have 
0<l/(a(x)y -& + £.) <\l(a{x) u -E~ tu + E.)<\IE for 
each £ <u < E . Therefore, by Lebesgue theorem, we 
obtain 

a(x) - u 



= lim [ 



«^ +J/ a(x)~ tu -u~ tu +u 



dF{x) 



1 f 1 

= lim— (1-m 



dF(*)) 



7 J/ a{x)y-gy+g y ■" g 

which is a contradiction. This implies that if = +00 , 

7 = 1 + = +00. □ 

Lemma 3.10. If £ <0 and £, +1/ H P >0, lim . 7 

= 1 + ^. 

Proof. Due to 1/ >0 , we have H ? <+co . It 
should be noted that there exists J > such that j u is 
strictly increasing or decreasing in the interval 
«e(^ + 1///,, £ + 1 / + £) , which is demonstrated in 

the proof of Lemma 3.16. Therefore, lim r , + 7 

exists and denoted by y . By the inequality 
J u < u I (u - g") , we have y < 1 + . Assume y < 
l + g~H^, then, as in the proof of Lemma 3.9, we have a 
contradiction. □ 



for each u& (£ + 1/ H £+1/ H + S). This implies that Lemma 3.11. If £ = and 1/H>0, lim 



1. 



a(x)-u 



a(x)t-ut + u 



0, if a(x) = u, 

1 1 •* , s 
c — < — , it a(x) < u, 



u—a(x) t u u—£ tu ^ 

■< — <—, it a(x) > u. 



tu a(x)-u tu 



By Lebesgue theorem, we obtain 



Proof. It should be noted that H < +00 . Due to 
Lemma 3.6, lim „,„, + 7„ exists, and is denoted by y. 

According to the relation ^ < u I (u - E) = 1 , we have 
y < 1 . Assume 7 < 1 , then as in the proof of Lemma 
3.9, the function j" (a(*)-H) /(a(x)t - Ht + H)dF(x) is 

strictly decreasing from ffis - 1 > to in the interval 
(e(0, 1), which leads to a contradiction. □ 
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Lemma 3.12. If £ < and % + 1 / H £ < 0, lim^ ^ = 0. 

Proof. On the basis of the definition, < ~ tu < u I (u - 
and max(0 , £, +1/ H?) = <u < E . Therefore, 

< lim ,~ t < lim + w / (w - £) = 0. □ 
Lemma 3.13. If £ < , 7 < f dF(x). □ 

J Ja(x)*0 

Proof. As £ < , we have < t u < u I (u - 1) < 1 for each 
we(max(0, % + \IH^), E), and a{x)i u - u~i u + u 

u>0, if a(i) = m, 

= < u-(u- a(x))~t u > u(a(x) - / (u - > 0, if a(i) < w, 
(fl(jc) -«)f„ + m > w > 0, if a(x)>u. 

In this case, the equation w u Q u ) = is equivalent to 



f 

Ja(x 



dF(x) 



+ — f </F(jc) = 1. 

* H 



And so, 



— f dF(x) + —[ dF(x) 

= - f dF{x) > 0, 

tu iaU) *° a(x) tu -u tu + u 

which leads to 7 „ < \ dF(x). □ 

Lemma 3.14. If £ = and H = +oo , lim^ ()+ ~ tu 
= f dF(x) . 

Ja(x)>0 

Proof. Due to Lemma 3.6, lim t ~ t exists, and we 

' u->0 '« ' 

denote it by y . We can choose 5 > such that 
y 1 2 < ~ t u < y for each u e (0, S) . It should be noted 
that the equation w u Q u ) = is equivalent to 

- 1 — f dF(x) + f dF(x) = 0. 

~ + \Ja(x)=0 Ja(x)>0~ ! 

T u f u i 



Assume that v < 1 , we have 



1 



l-y 
2 

7 



, if < a(x) < u, 



if a(x) > u, 



for each u e (0, S) . In this case, by Lebesgue theorem, 
we obtain 

-1 

which implies that y = \ dF(x). 

r Ja(x)>0 

In the case in which y = l , due to Lemma 3.13, we have 



— f dF(x) + -{ dF(x)=0, 

_|_lJa(x)=0 yla{x)>a 



y < f rfF(x) < 1 . Thus, y = f dF(x). 



□ 



Lemma 3.15. The function ~tju is strictly decreasing with 
respect to u e (max(0 , £ + 1/ H^), E). 



Proof. Using the equality 



J,: 



a{x)-u 



-dF(x) = \ 



(a(x)-u) ~f u + a{x)u-u 



a(x)t u -u tu + u (a{x) tu -u tu + u) 

and by the proof of Lemma 3.6, we obtain 



dF(x) = 



d_ 
du 



u\ ," w 2 dF{x) + ~ t f ( " UH ' )2 , dF(x) 
« 2 f (aW - )2 2 ^F(x) 

J; (a(.x),,-u t „+u? x ' 

[ j dF(x) 
[ , , ( f h -" )2 . ^(*) 

J; (a(i)r„-«t„+») 



<0. 



We define the continuous function tu in the interval 
[0 , +oo) as follows: 

1, if0<u<l/H, 
~ tu , if\IH<u<E, (7) 
0, if u>E. 

f JF(x), if u = 0. 



If ^>0, then ~ tu :=< 



If ^ = 0, then f u 



0, 



if 0<u<\/H, 
if 1 / H < u < E, 
if u > E. 



(8) 



If £<0,fhen;„ := 



if 0<K<max(0,£ + l/ffA 



u — g 

~ tu , if max(0,^ + l/ffp<K<£, (9) 
0, if u > £. 



Using Lemma 3.15 and the above extensions, we have 

that xj u is strictly decreasing in the interval 

< m < E . We denote the value of lim ~* I u by ri. 

Lemma 3.16. If £ < , then the value < w max < £ exists, 
w/iz'c/i satisfies the following properties: 

(a) f u is strictly increasing in the interval 0<u< w max . 

(b) t u is strictly decreasing in the interval u imx <u < E. 

Proof. } u l u=\l (u-%) is strictly decreasing in the 
interval 0<u<£.+\IH £ , if Zj + l/H^O. As the 
function y := ~ tu I u is strictly decreasing with respect to 
u , f u can be considered to be a function with a 
variable y e (0 , 77) . 

If M e(max(0, £ + \IH ( ), E) , f„ = ^. From w„Q = 
we have 



f dF(x) = l. 

} 'a(x)y- tu + \ 
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Thus, 



— - dF(x) = 0. 



(a(x)y-- tu + l) 



This implies that 



d 



tu _ il (a(.v)>'-,„ + D 2 V ' 



dy f 

J; (*): 

Denoting f 1 T dF(x) by s, we obtain 

° Jl (a(x)y-,„+l) 2 



rf 2 ?, _ 1 

j 2 2 

ay s 



. fl(j)(«W-|) 

-2s z — —dF(x) 

'•(a(x)y- t ,+\f 



4 



a(x) 



a{x)—t 



(a(x)y- tu +l) 
I 



r till) t 

dF(x)x f dF(x) 

l'(a(x)y-- ti +\f 



(a(x)y- tu +lf 



-Zrf ^^—W 



f a[x) 2 dF(x) 



(a(x)y-~ u + l) 



jdF(x) 
jdF(x) 



As a quadratic function with respect to 5 , 
-s 3 /2xd 2 ~ t J dy 2 has the determinant given by 



a(x) 



Y 



a(x)y-~ tu + iy 



-dF(x) 



r a(x) 
>>(a(x)y-- tu + 



Y 



1) 



-dF(x) 



-f — -dF(x)x f -dF(x) 



Due to Holder inequality with respect to the two 



functions 



a(x) 



(a(x)y- tu +lf 



and 



(a(x)y- tu +l) i ' 



this 



determinant is negative. Therefore, we have ~Yr < , 



which implies that ^ is strictly decreasing. 

First, we assume that £ + 1 / H ^ < 
a:=lim ^d'tldy and B :=lim _d~tldy. 



Assign 



If a < , then iif u / dy < for each 0< y <rj . This 
contradicts the fact that ~ t u = if y = (Lemma 3.7), 
and f u >0 if < y <tj ■ Therefore, a > 0. 

If /? > 0, J?,, / dy > for each < y < tj . This 
contradicts the fact that ~ t u = if y = r/ (Lemma 3.11), 
and f„>0 if < y < 77 . Therefore, /? < 0. 

The value 0<y m!ix <rj such that d~ t J dy \ y=y = can 
then be determined. The value < w max < £ required is 
determined using y max . 



Second, we assume that £ + 1/ >0 . If «e(0, 
£ + 1 / ) , then ~ tu = u I (u - is strictly increasing. 
Moreover, we have ul (u-^) \ u=i+VH 

= \ + ^H.=Xim uMf+VHct ~ tu (Lemma 3.10) and y \ U=?+VH( 
= . Redefine p as lim d~ t J dy .If p < 0, then as 

above, we obtain the required value % + H ( < M max 
< E . If p > , d~ tu /dy>0 for each < y < . This 
implies that d~ t u I du = d} u I dyxdy I du < since 
dy/du<0 for each we(£ + l/#,, £) (Lemma 3.15). 
Thus, } u is strictly decreasing. Therefore, the required 
value is =%+\IH r □ 

Pre-Growth Rate 

In this Section we assume that u e (max(0 , E) and 
< p < t < ul (u-%) unless otherwise mentioned. 
Define G u p (t) by the value 

a(x)t-ut + u 



exp f w u (t)dt =exp f lot 

\ J '' / \ V J/ a(x)p-up + u 



dF(x) L (10) 



which can be verified using the following inequalities: 



u I (u-%)-t 
ul (u-%)- p 

a{x)-u 



a(x)t-ut + u 



a(x)s - us + u 



a(x)p-up + u 
1 



P 



< max(- 



1 



-) 



p ul{u-^)-t 
for each xe I and s e (min(p , t), max(yC> , 0) • As w u (t) 
is strictly decreasing with respect to t from the 
positive value E I u - 1 > 0, to the value 
{\-%lu)H 4 {% + \IH ( -u) (Lemmas 3.2, 3.3, and 3.4), 

f w u (t)dt is strictly decreasing with respect to p near 

+ - Therefore, the limit 



limexpl f w (t)dt =exp lim f log 



a(x)t-ut + u 



I p-»0* 



(11) 



a(x)p-up + u 

= exp^^ log(fl(x)f / u-t + l)dF(x)j 

finitely exists or +co , which we denote by G„(0 and 
refer to as pre-growth rate. The equality mentioned 
above is obtained using Lebesgue theorem because the 
integrand is monotone with respect to p in { x \ 

a(x) > u } or { x \ a{x) <u } . 

Lemma 4.1. G„(0 <E/u, if 0<f< min(l, ul {u- 

Proof. By Jensen's inequality we have 
^\o%(a(x)t lu-t + l)dF(x)<logj i (a(x)t lu-t + i)dF(x) 

= \og(Et/u-t + l)<log(E/u). □ 
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Lemma 4.2. 

f |log(a(x)f lu-t + l)\dF(x) < +co. 

Proof. In general, a(x)t I u - 1 + 1 > (u - £)(« / (u-^)-t)/ w > . 
If a(x) < u , a(x)t / u-t + l < 1. Therefore, we obtain 



i \\og(a(x)tlu-t + l)\dF(x)< 

Ja(x)<u I x " 



log 



u-%( u 



u \u-<; 



< +oo. 



Lemma 4.3. The following three statements are equivalent. 

(1) f \oga(x)dF(x)<+K. 

J fl(.Y)>l 

(2) Q u (t) <+<x> for each u and t. 

(3) G„,( f i) <+00 for some u x and t v 

Proof. (1) => (2). The function log(a(jc)f/w-f + l) 
satisfies the following inequalities. 

f llog a(x)\ dF(x) < llog u\ < +oo, 

Ju<a(x)<l 1 1 11 

j log(a(x)t / u-t + l) dF(x)-\ \oga{x)dF{x) 

J ci(x)>max(l, u) ^ ' J «(jc)>max(l, w) 



f 

Jo(l)>m 



log- 



log — + lo£ 



l+ U -^\\dF(x) 
a(x)t 



+ logd < +co. 



Based on Lemma 4.2, we obtain the result. 
(3) => (1). It should be noted that k, e (max(0, £), £) 
and f[ e (0, u x I {u x - £)). The result can be obtained in a 
similar manner as above. 

(2) => (3). It is clear. □ 

If one of the above three statements is satisfied, we can 
write G < +co . 

Lemma 4.4. If G < +oo, lim g„( f ) = 1 • 

Proof. Since lim . w (t) = E I m-1>0 (Lemma 3.3), 

j w u (f)dt is strictly increasing and bounded with 
respect to t near + . Therefore, we obtain that lim 

J o 'w.(0* = 0. □ 

Lemma 4.5. If ns(max(0, £ + , E) , 

max o<,<„/<„-«G„ >p (0 = G„ p Gj. 

Proof. It is clear from the facts that < G u (t) < +oo, 
<\-Elu)H s (Z + \IH s -u) <W u {t) <E/u-l, and 



dG u Jt)ldt = j t ^\'w u (t)dt) 



dt 

Lemma 4.6. If G <+oo and u e (max(0, % + HH ( ), E), 
max 0<(<a/( „_ f) g„(0 = G.O- 



Proof. In a similar manner as that of the proof of 
Lemma 4.5, we have 

5G.(0 _ g 



lim exp ( f w (f )<if ) = lim — exp ( f w (t)dt ) 



= limG ap (f)w„(0 = G„(Ow„(f), 

which implies the conclusion. □ 
Lemma 4.7. Two functions G up (t) and G u {t) (<+°°) ore 
concave with respect to t . 

Proof. Using Lemmas 3.2, 4.5, and Holder inequality, 
we have 

e 2 G„. fl (o / dt 2 = g (t){w] {t) + dw u {t) i dt) 



■G u lt) 



2 \ 



(a(x) -u)l (a(x)t -ut + u)dF(x)) 
-\ (a(x)-u) 2 1 (a{x)t-ut + uf dF{x) 



<0. 



expff w(t)dt) = G „(/)x— f w (t)dt 
vp 1 •' du 1 !' 

a{x) 



dF(x)\dt<Q. □ 



Along the similar way of discussions, we also have 

d 2 G u (t)/dt 2 <0. 

Lemma 4.8. If % > and t> p , G (t) is strictly 
decreasing with respect to u . 

Proof. From a(x) > 0, we obtain 

dG lip (t) _ a 
du du 

= -G (t)xf' f 

Lemma 4.9. 7/ £ > and G < +oo , zs strictly 

decreasing with respect to u . 

Proof. Using Lemma 4.8, we obtain the conclusion. □ 

Lemma 4.10. If G < +oo, lim^^. G„(0 

= exp(£log(a(x)-^)rfF(x)) /(u-g) for each u. 

Proof. If a(x)>u, a(x)t I u-t + l is strictly increasing 
with respect to / . Therefore, using Lebesgue theorem, 
we have 

0< lim f \og{a{x)tlu-t + \)dF{x) 
a{x) — t, 



f log ^l^ dF(x)<+ ^ 

Ja(x)> U U-C 



On the other hand, if a(x)<u, then a(x)t I u-t + l is 
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strictly decreasing with respect to / . Hence, using 
Lebesgue theorem, we have 

lim f log(a(x)t / u - 1 + Y)dF(x) 

<->(«/(«-£))" Ja(x)<u 



= [ loj 

J a(x)<u 



a(x)-c; 



dF(x) < 0, 



*)<« ~ u - 1 
which implies that 
lim G„(0 

»-»(«/(!<-£))- 

= expff log^^ W+ f log^^W 

^Ja(x)>u U~ q Ja(x)<u U — C, 

= exp ( £ log (a(x) - ^) <iF(x) j / (m - £). □ 
As an expansion of the definition of G u (t) , we define 
G„((« /(«-£))") by exp(J / log( fl (x)-^)rfF(x)) /(«-£) 
for each u e (max(0, , E) . 

Lemma 4.11. G u (f„)>! !/«e(max(0, £ + £). 
Proof. If < f < f u , w a (f ) > . Hence, we have 
G„G„)-exp(£"w„(0^)>e°=l. □ 

Lemma 4.12. c„(f ») (< +GO ) l ' s strictly decreasing with 
respect to we (max(0 , % + H ? ) , E). 



Proof. If \a{x)\ < 2\£\, we have 



a(x) 



a(x)t-ut + u 



a(x) 



(a(x) -%)t + <;t-ut + u 



(u-£,)(ul{u-%)-t) 



On the other hand, if a(x) > 2 k \, we have 



a(x) 



a(x)t-ut + u 



a(x) 



(a(x) -q')t + q't-ut + u 



a(x) 



(a(x)-Z)t 



Thus, by the definition of G„( f ) / we have 



du 



Gu {t)\ —\og{a{x)tlu-t + \)dF{x) 
J1 du 



a(x) 



a{x)t — ut + u 



dF(x) 



The definition w u Q u ) = leads to 

J a(x) I (a(x)t u - u~t u + u)dF(x) = 1 . Therefore, 



□ 



du u 

Lemma 4.13. If G < +oo, lim G Q ) = \. 



Proof. From Lemmas 4.11 and 4.12, lim r; (7 )>1 
exists. Assume that £ > , then from Lemmas 3.6 and 
3.7, r„/(l-f„) is strictly decreasing near u = E~ , and 
lim £ _ 7 „ = 0- Applying Lebesgue theorem to the 
equality 



exp 



+ 1 \dF(x) 



G„(f„)- 1 + f„ = (!-?.) ex P J, log 

V V 

we have 

Mm (G.G.) " 1 + 1 J = ( j ; log (0 + l)dF (*)) - 1 = 0. 
This implies that lim E _ G U Q U ) = 1 • 

In the case in which £ < o , Lemma 3.16 can be used as 
a substitution of Lemma 3.6 near u = E~ , where ^ is 
strictly decreasing to (Lemma 3.7). In order to apply 
Lebesgue theorem, it is sufficient to divide the above 
integration into two parts { x | a{x) > } and { x | 
a(x) < } . □ 

Lemma 4.14. J/G<+oo and u e (max(0 , % + l/H ( ), 

Proof. Using 9q u Q u )/ 8u = -t u /uxG u Q u ) (Lemmas 4.12 
and 4.13), we can solve the differential equation. □ 

Lemma 4.15 If g = and H = +qo, lim « G U QJ = + 00 - 

Proof. Lemma 4.12 ensures the existence of 
lim G«6 „) ' which is finite or +co . If a(x) > , 

a{x)lu is strictly decreasing with respect to u, and 
lim a(x) I u = +<x> . Using Lebesgue theorem and 

! dF(x) > , we have 

Ja(x)>0 

»-»o L 



1 [ r , a\x)+u s | 
>liir. n *-exp log— - — dF(x)\ = +<x. a 

Lemma 4.16. If g = , # < +oo, and G < +oo , 
lim ,^ ( i/ W r G.G.) = ff ex p([ logaWdFW). 

Proof. By definition, G < +oo implies that J 
loga(x)JF(x) < +oo . From Jensen's inequality, we have 

+oo >\ogH= log f -^-dF(x) > f log^-JF(x), 
■" a(x) ■" a(x) 

which implies that J log a(x)dF(x) > -co . Therefore, 

loga(x) is integrable. 

It should be noted that lim nlji . 7 = 1 (Lemma 3.11). 
Using the equalities li m „^. (1/H)+ uJ U = H an d 
VLm u^iHt^~~O ul ~tu = ^ we can choose 
0<<J<min(l/H, E-l/H) , such that 



a(x)+u 
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HI2<~ t Ju<3HI2 and (l-,>/^<l/2 for each 
u e (1/ H, 1/ H + 8) . Therefore, we have the following 
properties. 

(1) If a(x)> 1/2, then 



log(a(x)f„ /«-?„ + !) 



log ^ + log 



a(x) + - 



< max( 



loi 



H 



lo) 



3H 



t„ 



) + log2+loga(x) 



(2) If a(x)<l/2, 

llog (a(x)~ tu I u - ~ tu + 1)1 < max( 



logy 



, 3H 
log — 



) + |loga(x)|. 



Using the above properties, we can apply Lebesgue 
theorem as follows: 



lim G„(f„)= lim ex p(f log(a(xy t Ju-~ tu + i)dF(x)) 
= H exp^loga(x)dF(x)j. 



□ 



Lemma 4.17. 1/ £ = , H < +qo, and G < +oo , 

lim ^,i/»r Gj\~) = H ex p([ log a(*)dF(*)J. 

Proof. In the case in which £ = , based on the 
definition which is mentioned beneath the proof of 

Lemma 4.10, we have q u {\ ") = ex p(J ; loga(x)dF(x)j/« . 
Thus, we obtain the conclusion. □ 

Lemma 4.18. If % = , # < +oo, and G < +co , 
lim p; (T) = +oo. 

Proof. Due to Lemmas 4.11, 4.12, 4.13, and 4.16, we 
have H exp(£ log a(x)dF(x)) >1. Therefore, by the 

definition of q u (1 ~) we obtain 

lim G„(l ) = limexp [ loga(j)dF(x) /m > liml/ff /w = +co. 

□ 

Lemma 4.19. If g > and //* = +oo , 

lim . 7i ) = + 00 - 

Proof. Lemma 4.12 ensures the existence of 
lim + GuCtJ i which is finite or +oo . If a(x) > £ , then 

(a(x) (2(u - %)) is strictly decreasing with respect 
to ueg, E). Using Lebesgue theorem, we have 



lim G„(f„) * !im^ r G„(- 77 

»->•; ' 2(w-£) 



>lim 



"" ex P f 

2 •!«(*)> 



Lemma 4.20. If % > , < +oo, and G < +oo , 
lin W + i/ fl{ )+ G.O =^exp(J 7 log(a(x)-^)JF(x)). 

Proof. An argument similar to that in the proof of 
Lemma 4.16 ensures that log(a(jc) - £,) is integrable. 

It should be noted that lim , + 7 =\ + EH c 
(Lemma 3.9). From the fact that lim , ~ t lu = H. 
and lim u ^ w+i/fl f (lf tu -u u + u)l~ tu = % we can choose 
0<£<min(£ + l/H # , E-%-\IH 4 ) , such that 
H 4 l2<~ t Ju<3H 4 /2 and (g~ tu -u~ tu + u)l~ tu <\l 2 for 
each k€(^+1/// { , £ + 1 / //^ + . Therefore, we have 
the following properties. 

(1) If a(x)>^ + l/2, 

\log(a(x)t u /u-~ tu + l)\ 



log — + log 



< max( 



log- 



a(x)-% + 

3H 
log— — 



tu 



) + 10g2 + |lQg(fl(jc)-^)|. 



) + \\og(a{x)-t)\. 



Using the above properties, we can apply Lebesgue 
theorem as follows. 



(2) If aU)<£ +1/2, 
\\og{a{x)~ t Ju-~ tu + \)\<vaax{ 







3H< 


logy 




log — 









lim G U Q U )= Um exp(f log(fl(jc)J 1I /«-?. + l)dF(x)) 
= ff i exp(| / log(a(x)-^)JF(jc)j. □ 

Lemma 4.21. If % > o, G yH Ct llH ) = exp([loga(x)df «). 

Proof. It should be noted that < £ < 1 / H < E and 
1<1/#7(1 / //-£). From Lemma 3.8, we have ; 1//7 = 1 . 
Thus, 

G ,/«(?,/«) = exp ( £ log (a (x) / (1 / H) - 1 + 1) rfF (*)) 
= //exp|£loga(x)iiF(x)j. 



□ 



Lemma 4.22. 7/ |>o , lim^. G „(l) 
= // exp ^ log a(x)dF(x) j . 

Proof. From 0<f<«, we have 1 < u I (u - . Thus, by 
Lemma 4.21 we obtain 

lim G„(l) = Gi/fl(l) = ^ ex P( f log a(x)dF(x)\. □ 
If ^ > and < u < % , a(x)t I u-t + 1>1 for each t > . 



43 



www. sj mmf . org 



Journal of Modern Mathematics Frontier Volume 2 Issue 2, June 2013 



Therefore, we can expand the definition of 
G u (i) = exp(| log(a(x)f /«-f + l)dF(x)) , which is 

greater than 1 and finite or +<x> , in the domain 
< u < £ and t > . 

Lemma 4.23. If % > , lim q u {\) = +oo. 

Proof. It should be noted that G llH (t l/H ) 

= Hexp|£logfl(x)d^(x)j>l (Lemma 4.21). From the 

expansion of G u (f) which is defined beneath the proof 
of Lemma 4.22, we have 

lim Q (1) = limexp f log a{x)dF{x) ) / u > lim 1 / H I u = +co. 

□ 

Lemma 4.24. If % < o , £ + 1 / H £ > and G < +oo , 

lim „^ +1 /^)+ GuGj = H t ex p([ log(a(x)-4)dF(x)). 

Proof. It should be noted that H, < +oo and 

^ m „^(f+i/« > + t u = l + (Lemma 3.10). The proof is 
formally the same as that of Lemma 4.20. □ 
Lemma 4.25. If £ < , 4 + 1 / H ( > 0, and G < +oo , 

Um «« + i/fl 5 r 1 (» "£))") = ff « ex p([ log(a(x)-f)dF(x)j. 

Proof. We obtain the conclusion using the definition 
which is mentioned beneath the proof of Lemma 4.10. 

Lemma 4.26. If % < , £ + l/H ? >0, and G < +oo , 

Um^ o+ G> /(«-£)") =aq>(J / log(a(x)-£)dF(x)) /(-£). 

Proof. We obtain the conclusion by applying the same 
process as in Lemma 4.25. □ 

Lemma 4.27. If £ < and % + \IH ( <0, t}<-1/% . 

Proof. It should be noted that the definition w u Q u ) = 
implies that 

-dF(x)=l. 



J — 



From Lemma 3.12, we have lim ~ tu = . Using 
Fatou's lemma, we obtain 

1 



f dF(x) = f lim 

J 'a(x)77 + 1 J ' — ' 



-dF(x)<l. 



Observe that < n = lim + 7 / u 



<lim (j ^ o ,(M/(w-^))/M = -l/^. Assume that 77 = -!/£, 



f dF(x) = < 1. 

J '-a(x)/£ + l * 

This implies that £ + 1 / H ( > , which is a 
contradiction. □ 

Lemma 4.28. If £ < flnrf £ + 1 / # f = 0, 77 = -1 / £ . 

Proof. Since H, <+co , 1 / (a(x) - is integrable. Thus, 

from ^ll{a{x)~ tu lu-~ tu +\)dF{x) = \ and by Lebesgue 

theorem, we have \\l(a(x)ri + V)dF{x) = \ . On the 

other hand, it is clear that x + Y)dF(x) = 1 

and J l/(a(jc)(-l/£) = = 1 . This 

implies that the equation ^\l{a{x)y + \)dF{x) = j 

with respect to ye[0, -l/£] has three solutions 
3? = 0, y = T], and y = -ll % . Note that 



- f dF(jc) = f — — ,dF(x) > 0. 

} 'a(x)y + l } '(a(x)y + l) 3 



(a(x)y + l) 

Therefore, the equation J l/(a(x);y + l)<iF(x) = 1 has at 
most two solutions. This implies that 77 = -1/ £ . □ 

Lemma 4.29. If g <0 , ^ + 1/H | <0, and G<+oo , 

lim M()t g„G„) = ex P ( j ; !og(«(^)/7 + l)dF(x)] . 

Proof. Lemma 3.12 implies that lim ~ tu = . From 
Lemma 3.15, ~t u lu is strictly decreasing with respect 
to m e (0 , £) . Due to Lemma 3.16, } u is strictly 
increasing with respect to u e (0 , « max ) . Therefore, if 
a(x)>0 then a(x)^-7 a + l is strictly decreasing with 
respect to u e (0 , M max ) . This ensures that 

lim J x og( ^l~ ~ +Y)dF{x)= \ log(a(x)Tj + r)dF(x). 

u^>0* J aW>0 u Ja(x)>0 

If H f < +00, using Jensen's inequality, we see that 
log(a(x) - is integrable. If a(x) < and 
< u < min(-£ , E) , then we have 



0< 



tu 



<a{x) 1 „ 

-2q u — g u 



+ 1<1, 



and 



we have 



|log (a(x)~ tu I u - ~ tu + 1)| < |log (a{x)-£)\ + |log(-2^)| . 

Therefore, we can apply Lebesgue theorem to the 
following equality. 

Urn f log(^ B -;„ + l)dF(x)= f log(a(x)^ + l)rfF(x). 

»-»0* JaW<0 u la{x)<0 

Thus, we accomplish 
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!im G„(fJ = ex p( j y log(a(x)7 + Y)dF(x)}. 

If = +oo, from Lemma 4.27, tj < -1 / £ . If we assign 
e:=(^?7 + l) /2>0, then, there exists <5>0 such that 
f„ < s for each w e (0, S) . Hence, if a(x) < 0, then we 
have 

u 

Thus, we can apply Lebesgue theorem in the domain 
{ x | a(x) < } and obtain the conclusion. □ 

Summing up the above-mentioned Lemmas, we obtain 
the following 

Theorem 4.1. If G < +oo , q u Q u ) is continuous and 
strictly decreasing with respect to «e(0, E). The range of 
G»G„) is (1, +co) (if £>o ) or (1, 

exp(£ log(a(x)i7 + l)dF(x))) (if < ). 

Double Sequence of Random Variables 

It should be noted that a series of step functions exists 
such that %<f N (x) < f N+l (x) < a(x) and 

\\m N ^ +fJ3 f N {x) = a{x) for each xel, in which £ 
= mf xsl a(x) > -oo is the essential infimum. 

For example, for each positive integer iV , assign 
M := 2 N N + 1 and 

AW J«,*Hp «t+ J £*«0<t+±W'-* (12) 
[a„ + if + 

In general, suppose [f N (x) | xe/Jcfa, | j = l,...,M}, 
where £ = a, < a 2 < • • ■ < a M < +oo . Set 

p. := f dF(jc) (1</<M-1) and 

J Ja j <a(.v)<a j+I 

^ := f , ^ dF ^ ' then we have i Pj ■ = 1 ■ 

Assume < u (price), < t (proportion of investment) 
, and < %t I u-t + 1 ■ Then <af I u-t + l for each 

1< j<M . For the random payoff {(a., pj) \ 
7 = 1, 2, • ■ ■ , M } , the growth rate per attempt after n 
attempts is 

f M \n 



W{a j tlu-t+l) m ' 



V hi 



(13) 



where a^. occurs m j times (w^ + m 2 + ■ ■ ■ + m M =n) with 
probability p™ 1 ■■■ p™" . Such event has n! l{mf.m£---m M ty 



permutation patterns. We denote X w „ by this random 
variable. Then, the expectation E[X N J is expressed as 



n! 



,+■■.+„,„=„ m,!m 2 !"-m JI ,!^ 



M \ 

^(a// M -f + l)>. 

U =1 



- \Y[( aj t/u-t+i) m ' \p?-p7 



(14) 



: exp 



log 



M i_ 

^ ycijt I u-t + \}"pj 
hi 



log(j 7 (/ w W»/«-t + l)W(jc)) 



= exp 



Moreover, the variance V[Z W n ] is expressed as 



i! 



177 1/77 I • • • Ml I 



\\{a j t 11 1 ■ 1) 



= exp 



-£[**,J 2 (15) 

log(j 7 (/„ (jc)r /ii-f + 1) Ww)' 



-exp 



21og(j / (/„(jc)f/ii-f + l) i dF(jc)) 



Lemma 5.1. 

Jim (lim jj = exp|£ log(a(x)r / w -t + l)dF(x)). 

Proof. If n approaches +co , using l'Hopital's theorem, 
we obtain 

( M h \ 

^{at I u-t + l} \og[ai I u-t + l)p j 

hi 



lim E[X Nn ]= limexp 

K'" " ' ' /' 

hi 

= exp ^ log(/ JV (x)t /u-t + l) dF(x)j. 

Since f N (x)< f N+l (x)<a(x), and lim^^ f N (x) = a(x) , 
we obtain the conclusion. □ 

It is easily verified that if G<+oo, lim„^ +oo V[X„ J = 
for each iV . 

Lemma 5.2. If v > , the following statements are 
equivalent. 

(1) f a{x) v dF{x)<+ao . 

(2) J (a(x)tlu-t + X) dF(x) < +00 for each u>0, t>0, 
and gt I u-t + l>0. 
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(3) J (a(x)t l I u x -fj +1) £?F(x)<+oo /or some m^O , 
f, > 0, and %t 1 /u l -t l +l> 0. 

Proof. If a(x) > 2u 1 1 x |l - 1 1 , we have 

a(x)<2w/?x(a(x)?/i(-f + l) and a{x)t I u-t + l<2t I uxa(x). 
This implies the conclusion. □ 
We say that a random payoff (a(x) , F(x)) is effective 
when f a(x)"dF(x) < +oo for some v>0, with the 

Ja(x)>l 

additional conditions E > and £ > -oo . 

It should noted that for each < v < 1, there exists h v 
such that log(x + l) < h v x v for each x>0. 

Lemma 5.3. If a random payoff is effective, G < +oo . 

Proof. If a(x) > 1 and < v < 1 , we have 
loga(x) < h v (a(x)-\y < h v a(x) v . If a(x) > 1 and v>l, 
we have loga(x) < a(x) < a(x) v . Thus, we obtain the 
conclusion. □ 

We have some properties of the double sequence 
E[X N J as follows. 

Lemma 5.4. If a random payoff is effective, 
liriW (l im _ E [X N J) = lim_ (lim^ + „ E[X N n ]) 



:Um„^ E[X N J<+co. 



7/ a random payoff is ineffective, lim^^ E[X N „] = +<» for 
each n ,if r > 0. 

Proof. For the assumption f a(x) v dF(x) <+co r we 
1 Jc?(x)>i 

can assume that v < 1 . Suppose < h < v 1 2 and 
a(x) > u , we have 



dh 



(a(x)t/u-t + l) h < (a(x)t I u-t + iy' 2 log(a(x)f / u - 1 + 1) 



< h. (a(x)t lu-t + V) " 



This guarantees that 

8 f (a(x)f/w-? + l)''dF(x) = f — (a(jt)f/K-f + l)*«/F(x)<+oo. 



dh 



Thus, since f N (x)<f N+i (x)<a(x), and lim^^ / N (x) 
= a(x) , we have 

limf lim E[X N j) 

f (o(x)f lu-t + 1)'' log(a(x)f lu-t + l)dF(x) 

Km J' 



: exp 



lim 

f!->o + 



j" (a(jc)f/w-f + l)*dF(jc) 
exp (£ log (a(x)f / m - 1 + 1) dF(» j < +oo. 



Using Lemma 5.1, we have 

lim ( lim E[X N j) = lim ( lim E[X N j). 

Set a:=]im N ^(km n ^ w E[X N j) = ]hn n ^ w (\ini N ^E[X Nn ]) , 
U N :=lim ], and W := lim^ £[X„ ] Since 

f N (x)< f N+l (x) <a(x), E[X Nn ] increases with respect 
to N. For any s > , there exits iV and n, such that 
|t/ w -a|<£ and |W„-a|<£- for each N>N a and 
«>Mj. By setting h:=\l n and applying l'Hopital's 
theorem twice, we have 

*->o oh 



exp ( £ log(/ w (x)t lu-t + l)dF(x)) 



{ 7 (log(/„(x)r/ M -f + l))>(x)' 
-(f 7 Iog(/ w (x)f/«-f + l)dF(i)) 



>0, if p, <1. 



This implies that Z^X^ J decreases with sufficiently 
large n ( d I dn = -h 2 d I dh) . Then, there exits 
n 2 = n 2 (N ) > n x such that 

E[X Na ni ] > E[X N(i J > E[X N ^ +l ] > U No 

for each n>n ? . Therefore, we have 

a - s < U No < E[X No n ] < E[X N „ ] < W n < a + s, 
which implies \im n ^ w E[X Nn ] = a as a double 

sequence. 

If f a(x) v dF(x) = +oo (ineffective) for each v>0, 
using Lemma 5.2, we have 

log (£ (a(x)t I u - 1 + 1)" dF(x) j 



lim E[X ] = exp 



for each n > 1 and t > . 



: +00 



Lemma 5.5. If a random payoff is effective, 
lim M+x V[X iV J = 0. 

Proof. This can be proved in a manner similar to 
Lemma 5.4. □ 

Lemma 5.6. If a random payoff is effective, 

lim E[[x Nn -exp^ i log(a(x)t/u-t + l)dF(x)^j ] = 0. 



«—>■+<» 



Proof. The equality -c) 2 ] = V[X„ „] + (E[X Nn ]-c) 2 

for each c implies the conclusion (Lemmas 5.1, 5.4, 
and 5.5). □ 
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We denote exp(£log(a(x)r / u-t + \)dF{x)) by G u (t) 

on the region u > , < t < 1 , and %t I u - 1 + 1 > - We 
refer to this as the limit expectation of growth rate. Notice 
that G„( f ) is defined above Lemma 4.1 on the region 
max(0, ^)<u<E and 0<t <ul (u-%), or £ > 0, 
< u < | , and f > . It is clear that Q u (t) = G u (t) on the 
intersection of the regions. 

It is said that t u is the optimal proportion of investment in 
order to continue to invest without borrowing with 
respect to u > 0, if 

a(x)t I u - 1 + 1 



,X log ; 



-dF(x)<0 (16) 
Zp/u-p+ixr- a(x)p I u- p + \ 

for each 0<f<l and %tlu-t + \>0. It follows that 

< t i ( < 1 and i;t u I u - t u + 1 > . The existence and 

uniqueness of t u for each u > is proved in Theorem 

5.1. 



If lim 



p-*t, 0<p<l, fp/»-p+l>0 



G u (f ) exists, we extend G u (t) by 



the value if gt I u - 1 + 1 =0. Suppose G < +co , then, 
from log(G„(0 /<?„(/?)) = J \og{{a{x)t I u - 1 + 1) 
/(a(x)p/u-p + l)) dF(x), the equation G a (f u ) 
= su Po s , s i,^/„- f+ i>oG„(0 implies that t u is the optimal 
proportion. 

Theorem 5.1. t u - ~ tu (u > 0) , where } u is a continuous 
function defined by (7), (8) and (9) beneath Lemma 3.15. 

Proof. 

(1) If u>E,t u =0. 

It should be noted that Lemmas 3.2, 3.3 and equality 
(10) are valid even if u > E. Using dw u (t) I dt < and 
w„(0 + ) = Elu -1 < , we have wjt)<0 for each 
< t < min(l , u I (u - £)) . Therefore, we have 

a{x)t-ut + u 



[ w u {t)dt= f log- 



-dF(x)<0 



a{x)p-up + u 

for each < p < f < min(l , ul (u- and f w (?) > 

for each < t < p < min(l, u/(u-^)) . This implies 
that t u = 0. . 

(2) If £<0 and 0<m<^ + 1/H |7 f„ = u/(u~4) . 

Notice that the condition 4 = 0, H = 0, and 
0<u<% + \l H ( is void. Using w u (u/(u-^)~) 
= (l-4/u)H i (4 + l/H ( -u)>0 (Lemma 3.4), we have 
w u (t)>0 (Lemma 3.2) for each 0<t<u/(u-^). The 

facts that f w (t)dt > for each < p < t < u I (u - 
Jp 



and [' w (t)dt<0 for each 0<f <p<ul(u-%) imply 
that t u = u/(u-^) . 

(3) If 4>0 and %<u<% + \l H 4 , t u =1. 

Since u I {u - > 1, we can show that w u (t) > for 
each < t < 1 as shown in (2). 

(4) If 4>0 and % + \l H 4 <u <\l H , t u =1. 

From Lemmas 3.6 and 3.8, we have ^ u > 1 = ~ tvu for 
each «£g + l/fl f , Therefore, from w u Q u ) = 

and Lemma 3.2, we have wjt)>0 for each 
< t < 1 < t ■ Thus, we obtain the conclusion as shown 
in (3). 

(5) If £, > and < u < % , f„ = 1 . 

From u < % < a{x) , we have 1 < a(x)pl u - p + 1 

<a(x)t I u-t + \ for each 0< p<t <1 . Therefore, 

£log((a(x)f /w-f + l)/(a(x)p/M-p + l))(i/ ;, (x) >0 for 

each 0<yo<f<l and j" log((a(x)f lu-t + l) 

/(a(x)p/a-/9 + l)) <iF(x)<0 for each 0<r<p<l - 
This implies t u = 1 . 

(6) If £>0 and \l H <u<E, t u =~ tu . 

It should be noted that w / (m - > 1 . It is sufficient to 
show that f w u (t)dt < for each < t * ~ tu < 1 . From 

Lemmas 3.6, 3.7 and 3.8, we have < } „ < 1 ■ Moreover, 
from w u Q u ) = , we have w u (t) > for each < t < ~ tu 
and w u (t) < for each ~ tu < t < 1 . Therefore, we obtain 
the conclusion. 

(7) If £<0 and max(0, % + H s )<u<E , t u =~ tu . 

It should be noted that u I (u - ^) < 1 . It is sufficient to 
show that f' w u (t)dt < for each < t * ~ tu < u I (u - g) . 

From Lemmas 3.2, 3.3 and 3.4, we have 0<} u 
<ul (u-%) . Thus, we obtain the conclusion as shown 
in (6). □ 

Hereafter, we assume that G < +co. Thus, it is easy to 
verify the following corollaries. 

Corollary 5.1. Suppose % > and 1/ H <u < E , or % < o 

and max(0, £ + 1/ H ( )<u<E. Then, the optimal 
proportion of investment t u is uniquely determined by 
j^(a(x)-u)/ (a(x)t u -ut u +u)dF(x) = , and the 
maximized limit expectation of the growth rate is 
exp (J ; log (a(x)t u /u-t u +l) dF(x)} . 
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Corollary 5.2. Suppose g < and 0<w<£ + l/// f . Then, 
the optimal proportion of investment is ul (u-%), and the 
maximized limit expectation of the growth rate is 
exp(J 7 log(fl(jc)-^)rfF(jc))/(ii-5). 

Corollary 5.3. Suppose % > and < u < 1 / H . Then, the 
optimal proportion of investment is 1, and the maximized 
limit expectation of the growth rate is exp(£ log a(x) 
dF(x)) I u. 

Corollary 5.4. Suppose u>E. Then, the optimal 
proportion of investment is 0, and the maximized limit 
expectation of the growth rate is 1 . 

Geometic Pricing 

In order to determine the price u x of the effective 
random payoff X = (a(x), F (x)) , we require the risk- 
free (simple or continuously compounded) interest 
rate r > for a period. As G u (t u ) is strictly decreasing 

(Theorems 4.1 and 5.1), the solution of the equation 
G «(0 = r + 1 (i f r is simple) or GJtJ = e r (if r is 
continuously compounded) is uniquely determined. 
The latter case G u (t u ) = e is rewritten as: 

Theorem 6.1 (the geometric price of a random payoff). 

Consider an effective random payoff X = (a(x), F(xj) . The 

geometric price u x and optimal proportion of investment, 
t x , with respect to a continuously compounded risk-free 

rate r > 0, are uniquely given by the equation 

sup J log(a(x) t/u-t + l)dF(x) - r, 

0SIS1 
<<£r/»+l 

except for the following two cases, where no solution exists. 

(1) £<0, ^ + l/H ( <0 and r > ^log(a(x)tj + l)dF(x), 
where r\ is calculated by the equation 
\\l{a{x)r]+\)dF{x) = \. 

(2) £<0, %+\IH ( >0 and 

r >\\og(a(x)-Z)dF{x))-\og(-Z). 

To calculate the values u x and t x , we have the 
following three special cases. 

(3) t uI =1 and u x =exp(j [ loga(x)dF(x)-r) if £ > 
and r> log// +J log a(x)dF(x). 

(4) t uI =1 and m x = exp(£ loga^of/^x) - r) if £ = 0, 
// < +oo and r > log H + J log a(x)dF(x). 



(5) =u x l{u x -0 and M x =£ + exp(j ; log(a(x)-£)d/Xx)-r) if 
£<0, £ + l//^>0, and log // f + J log(a(jc) - < r 

<J 7 log(fl(jc)-^)dF(jc) -log(-^). 

Apart from the five cases listed above, u x and t x are 
uniquely determined by the simultaneous equations 

J u I (a(x)t — ut + u)dF(x) = 1, 

J log(a(jc) f / u-t + \)dF{x) = r. 

In this section we assume that r = 0.04 . It is easy to 
verify that the following examples are effective. 

Example 6.1. Suppose that the payoff and distribution 
functions are given by a(x) = x and F(x) = x e / = [0 , 
1] respectively, then £ = 0, £ = 1/2, and H = +oo . Set 
y = t u /u (0 < u < 1 / 2) , then the equation w u (t u ) = 
can be reduced to£l/(xy -t u +l)dx = l. This integral 

equation has the solution t u = (e y -y-\)l(e y -1) . 
Therefore, we obtain 

G„(f u ) = - 2 -expfy-l + 



1 



-1 



which strictly increases from 1 to +co with respect to 
ye(0, +co) . The price u should be the solution of the 
equation G u (t u ) = e 004 . Thus, we have y= 0.9918, 
m= 0.4187 and t=. 0.4152. 

In the prevailing pricing theory, E I u = e 0M produce 
u=. 0.4804 . In this case, from J q u I (xt u - ut u +u) dx = \ 

we have f„= 0.1131, and GJtJ =1.0023 
(<e om =. 1.0408). 

Example 6.2. Suppose that the payoff a or b 
{a > 1 > b) occurs with probability p or q = 1 - p, 
respectively. Further assume that \l H <u = \< E (if 
b>0 ) or u = l<E (if b<0 ). Then, from 
j9 / (at , - fj + 1) + # / (fefj - f ( + 1) = 1 , we obtain 



U = 



q + p 



l-a 1-b 



G l (t l ) = (a-b)\ 



(17) 
g 

a-ljyi-b 

Samuelson (1971) deals with the case in which a = 2.7 , 
b = Q3 , and p = q = 0.5 , where ^ = 0.3 , £ = 1.5 , 
1 / H = 0.54 and f, = 50 / 1 19= 0.4202 



However, 

Samuelson (1971) may have misinterpreted the 
criterion to be the geometric mean 2.7 05 0.3 05 = 0.9 < 1, 
instead of G,(f,) = (2.7-0.3)(0.5/1.7)°- 5 (0.5/0.7) - 5 
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= 1.1000>1. 

Example 6.3. Consider a two person matrix game with 



the payoff matrix 





( 21 -3 s 


\ a 2\ a 22, 


= [-9 12, 



for the row 



player 

Pu Pl2 

J?2\ P22) 



mixed 



Under the 

xy x(l-y) 
(l-x)y (l-x)(l-y) 
u = u(x, y) and optimal proportion t = t u(xy) 

investment are uniquely determined by the 
simultaneous equations: 



strategies 
, the geometric price 

of 



^ upy I {a tj t -ut + u) = \, 
•j 

TjP.j l °g{ a .j tlu-t + \) = r, 



(18) 



if E=£. jCiyPy >0 and (x, y)e{(0, 0), (0, 1), (1, 0), 

(1, 1) } . For each < x < 1 there exits < y < 1 such 

that £<0 or £ . p.. log (a., 77 + 1) < r = 0.04. Thus, the 

row player A has no solution for investment (Theorem 
6.1 (1)). 

In the prevailing pricing theory, E I u = e r with the 
mixed strategies x = l /15 and y = l/3 produces that 
u=5/e ,)M =. 4.8039, t=. 0.0084 and G„ (f„)= 1.0002 
(<e 004 = 1.0408). Under the fixed conditions x = 7/15, 
y = l/3, and r = 0.0002, we have the geometric price 
w= 4.7885 with t u =. 0.0091. 

Example 6.4. In the St. Petersburg game (Bernoulli 
1954), suppose that the payoff 2 J occurs with 
probability 1/2' ( j = 1,2,- ■■. ), then £ = 2 , £ = +00, 
and H =1/3 . This game is effective, because 
^J i (2 i ) 1/2 /2 i =1/(V2-1) <+oo. From Lemma 4.21 

we have G UH (t VH ) = l/3xrap(£^(log2')/2') =4/3 . 
Thus, G u (t u ) ( u e (3 , +00) ) strictly decreases from 4/3 
to 1 . The equation G u (t u ) = e° 04 yields the price 
w'= 5.0815 . Therefore, if the investors invest t u '=. 0.1686 
of their current capital, they can maximize the limit 
expectation of growth rate to e om . 



In the prevailing pricing theory, u = E I e° 
yields the infinity price. 



:+oo/e° 



Example 6.5. The lognormal distributed random 
payoff is given by 

1 



a(x) = Se r e x , dF(x) = 



-e 2 " 2 c?x, 



2^-cr 



(19) 



W = (e W )/5, and exp(J ; loga(jc)dF(jc)) = Se^ 12 . 

When S = 100 , = 0.3, and r = 0.04 , we have £ = , 
£=104.0811, if =0.0105127, and 1/H=95.1229. 
From Lemma 4.16, G„(fJ («e(l/H, £)) strictly 

decreases from H exp(£ loga(x)JF(x)) = e°~ 12 =1.0460 

to 1 . The equation G u (t u ) = e 004 = 1.0408 yields the 
price m= 95.6132 . Therefore, if the investors invest 
t u =. 0.9450 of their current capital, then they can 
maximize the limit expectation of growth rate to e° 04 . 

In the prevailing pricing theory, El u = e' yields the 
(higher) price u = 100 (> 95.6132). Under this price, if 
the investors invest t u =. 0.4433 of their current capital, 
they can maximize the limit expectation of growth rate 
to 1.0088 (<e 0M =1.0408 ). Because exp(r-o- 2 /2) 
= 0.9950 (< 1.0088), the statement (Luenberger 1998) 
that the expected growth rate is equal to r - a 2 1 2 is 
not necessarily true. 



Example 6.6. The European put option is given by 



a(x) = max(K-Se r V,0), dF(x) = - 



2<j 2 T 



dx, (20) 



and I = (-00, +00) . We assume that the stock price 
Y = Se rT e x ( X = (x , F(x) ) is lognormally distributed 

with volatility ct-Jt , where S is the current stock 
price, r is the continuously compounded interest rate, 
K is the exercise price of the put option, and T is the 
exercise period. The expectation E of (a(x) , F(x)) is 
given by 

1 j-logf-rr 
. J - 



E = 



KN 



' log|+(r-4)r 



(K-Se rT e x )e 2 " h dx 



(21) 



-Se rT N 



' log| + (r + 4)r A 



and I = (-00, +00) . In this case, we have E = Se , 



where N(x) = f * e' 1 ' 2 1 Jhidt is the cumulative 

standard normal distribution function. 

When 5=90, £ = 120, T = 2, a = 0.1, and r = 0.04, 
we have £ = , E = 22.9848, and H = +00 . Therefore, 
from Theorems 4.1 and 5.1, G u (t u ) («e(0, E)) strictly 
decreases from +<x> to 1 . The equations w u (t u ) = and 
G u {t u ) = e rT = e om yield the price M = 17.8157 . With this 
price, if investors continue to invest t u =0.5434 of 
their current capital, they can maximize the limit 
expectation of growth rate to e 008 =1.0833. 

In the prevailing pricing theory, E I u = e rT yields the 
price 
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-SN 



logf + (r + f-)T 



,(22) 



which is the Black-Scholes formula for a European put 
option. Substituting the above-mentioned values for 
this formula, we obtain the (higher) price «= 21.2176 
( > 17.8157 ). With this price, if the investors continue to 
invest t u =. 0.2278 of their current capital, they can 
maximize the limit expectation of growth rate to 
1.0096 (< 1.0833). 

REMARK 

This paper is a revised form of the pre-print "Game 
pricing and double sequence of random variables". 
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